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NATTONATL ADVISORY COMMITTEE FOR AERONAUTICS
TECHNICAT, NOTE 3829

A GENERAL SYSTEM FOR CALCULATING BURNING RATES OF PARTICLES AND DROPS
AND COMPARTSON OF CALCULATED RATES FOR CARBON,
BORON, MAGNESIUM, AND ISOOCTANE

By Kenneth P. Coffin and Richard S. Brokaw

SUMMARY

A system with general equations has been devised for camputing the
burning rates of small particles burning as diffusion flames; the equa-
tions account for the effects of diffusion and dissoclatlion with & high
degree of rigor. Two types of solutions are carried out: (1) a nmumeri-
cal integration of considersble complexity, and (2) a scmewhat less
canplicated end less rigorous anelytical solution involving stepwise
lteration across the temperature proflle. The direct results of the
celculation are partiasl pressures as & function of temperature. Simple
additional calculations produce the burning rate and the flame
structure.

Both solutions were obtained for carbon burning in alr; . the differ-
ences are slight. For boron, because of the greater nmumber of equilibria
involved, only the analyticel solution was underteken; a speciel treet-
ment for a solld reaction product, boric oxilde (13203) » was required. A

number of amblent temperatures and amblent oxygen concentratlons were
examined In the case of boron; as an example, three graphs repldly yleld
burning rates for e wlde range of amblent conditions.

The general equations presented here reduce to the much simpler
equations used by previous investigators. The simplified equations were
also applied to boron, and ylelded results in general agreement with the
more detelled anslyticel solutions. Earller results fram the simplified
equations for lisooctane end magnesium are included for comparlson. The
simplified equations appear to be sufficiently accurate for maeny purposes.

For a serles of substances covering a wide ra:nge"crf‘ volatlility,
relative heat-release rates are in the order: hydrocarbon > magnesium >
carbon ¥ boron.
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INTRODUCTION e

In the last few years, a number of é.rtiples have appeared which )

treat the cambustion of single fuel particlé's in quiescent air. The -

treatments of these diffusion flames va.ry in generality and 1n specific )

approach (refs. 1 to 6). They involve physical and mathematical approxi- -

mations which are qualitatively e.ccep'ba.bie, but which msy introduce s:l.g- )
nificent quantitative errors.

The general success of the stagna.nt-film treatment for the combus-
tion of single liquld drops has tended td suUpport the velidity of the
assumptions involved. The model assumes & dgteady-state diffusion flame .
surrounds the fuel drop. Oxygen diffuses inwvard, fuel vaporizes and }
diffuses ocutward, and they meet and rea.c'b in a flame front symmetrically
surrounding the drop; sufficlent heat is bond.ucted inwvard from the reac-
tion zone to vaporize the fuel and heat 'l'.'he vapor to reaction tempera-
ture, while the remaining heat is conductpd outward and, in part, is used
to preheat the inbound oxygen. The rea.ctjion yroducts diffuse outward.

The assumption of & diffusion flame mechanism with the over-all
process controlled by the physical procesBes of heat conduction and dif-
fuslon carries the implicit assumption 'bhb.t the chemicel processes within
the flame front are fast. Such assmptiops are in contrast to those made
in considering ignition delsy, in which chemlcal processes are presumed to
control. In the case of flame speed, as a.Xell as 1n quenching-distance
and dead-space phenomena, both chemical and physical processeg are pre-
sumed to be involved. In the steady-sta bu.rning of & liquid monopro- >
pellant drop, a diffusion flame is not pr sent » and both physical and
chemical processes contribute to the overiall rate.

On the basls of the diffusion-flame -stq.gnant-film) model, burning
rates in reasonable agreement with experiment have been calculated by
many workers, although certain difficulties gppear in the case of calcu~
lated flame structures. The main difficulty is that computed flame dlam-
eters are significantly greater than those’ observed experimentally; how-
ever, appropriate corrections involving the’ experimentel boundary condi-
tions result in only relatively small chs.n!ges in the burning rate.

The genersl objective of this investigation was & more careful solu-
tlion of the burning-rate problem in an effort to determine the limitae-
tions of the simpler treatments. More specif_i_.pally, this investigatlion
was concerned with the calculation of the relative burning rates for
several solld cambustlibles representing a wid.e range of volatilities.

It seemed appropriate to make ef:t‘orbsl to extend the calculations 'y
made on liquid fuels and carbon (refs. 1 and 5) to systems of solid com-
bustibles which do not involve conventiona.l fuels. The combustion of
megnesium had been treated experimentally a.nd. a tentetive approach to
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the theoreticel treatment given (ref. 6). Magnesium is a combustible
metal of relatively low volatility (b.p., 1393° K) and as such represents
e transition to the less-volatile metals. For the present treatment,
boron (b.p., 2550° K) was selected as a typical high-boiling-point com-
bustible.

In this report, expresslions for dlffusion and heat conduction, as
they apply to burning particles, are developed into a system .of gen-
eralized equations somewhat al the lines indicated by Spalding in his
approximate treatment of ca.rbo:c::n%ref. 1). These equations are applied
to boron and carbon, and they are reduced to the simpler equations used
in the treatment of hydrocarbons and magnesium. The simplified equations
are also applied to boron.

The general equations are developed in the next sectiomn. In the
section following thet development, carbon i1s considered as a detalled
specific example of the use of the general equatioms. Carbon 1ls treated
in two ways, in terms of an exact numerical integration and in terms of
e simpler analytical solution involving certeln average values and 1limit-
ing forms of the diffuslion equations.

The boron system involves a more complex series of equllibrie than
that of the carbon system; therefore, only the anelytical solution was
underteken. These results for boron are in turn compared with those ob-
tained for boron by the simpler equations of the form used for lscoctane
(refs. 1 and 5) and magnesium (ref. 6)., The details of the boron case
are in appendix B. The general equations are reduced to the simpler
equations for isococtane and megnesium in appendix C. The burning rates
and particle lifetimes of carbon, megnesium, boron, and lsooctane are com-

pared.

GENERAL EQUATIONS

The development in this section deals with the spplication of the
equations for the conservation of mass, the conservation of energy, dif-
fusion, heat conduction, and chemical equilibrium to the diffusion flame
surrounding a burning particle or drop (fig. 1). In part, it is an ex-
tension of the early work of Spalding (ref. 1), In this section the
equations are presented In general terms; in the followlng sectlion, the
burning of carbon 1s treated as a speclfic example of these general ex-
pressions. Equatlons are designated so that numbers in thls section, the
next section, and appendixes B and C epply to corresponding equations.

The general physical model i1s indicated in figure 1. The diffusion
flame symmetrically surrounding the fuel particle may be divided into
arbitrary zones for descriptive purposes and epproximate calculations;
the boundaries of the zomes are indicated by concentric circles.
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Convection is assumed to be absent. The .central crosshatched portion
represents the fuel; C represents the boundary with the smblent atmos-
phere. B (fig. l(a.S) or the reglon BB' (fig: 1(b)) represents the flame
front, of infinitesimal or finlte width, 'resp'ectively, only diffusion
occurs in the finite flame front. Chemical ¥Yeaction retes are assumed
to be fast relative to heat and mass transfer. In the reglon AB, suffi-
clent heat is conducted inward to vaporize the fuel and ralse 1t to the
flame temperature; fuel is vaporized at the Fuel surface A and diffuses
to the fleme front. In the reglons BC or B'C, outside the flame front,
the heat of combustion is dlssipated outwhrd by conduction, the reaction
products diffuse out, and oxygen d.iffuses( in, with an exchange of en-
thalpy between them. All these processes oceur in a stagnant film. The
ambient atmosphere is a source of oxygen a.nd 8 sink for heat and combus-
tion products.

One of the major advantages of the eguations presented in this sec-
tion is that the artificial zones described &bove are eliminated. This
in turn eliminates the arbitrary assignmeht of flame-front boundary con-
ditions. OFf course, other assumptions aré introduced, for exsmple, the
exlstence of equilibrium throughout the sjrstem Further, a more rigorous
treatment of diffusion can be employed, slthough difficulties exist with
the extrapoletion of diffusion constants e.nd thermal conductivities to
high temperatures. ) L

The equations required msy be devel "in the Ffollowlng manner.
(Carbon, as a specific example of the general equations, is treated in the
next section; boron 1s treated In detell 1n appendix B. 5 X,Y,Z2, . ..
are the s atom.specles present in the system, fuel or oxidant or both
mey contain several specles. For example; for carbon burning in air,
carbon, oxygen, and nitrogen are s = 3 a.tom species. xkin Zm:L

is the T species of the v molecular!. species present (ki: 11, M4, . «

=0, 1, 2, 3, « « o)s For example, in theé carbon and air case, 1f the
1th species is the carbon diloxide molecule, C,0oNg represents CO; with

koo, = 1; ¥co, = 2, @nd mgy, = O. (8ymbals ‘dre defined in appendix A.)

For the conservation of mass, there is a continuity equation for
each of theé s atam specles; in terms of 'the total mass- ~-transfer rate
Wy = kaJ.Yz zmi in moles per second, for [each of the molecular specles

across any symmetrical surface around the particle, these equations are

9L0%
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i=v

W= 2, kW = kpilp )
1=1

Y
Wy = Y, BgWy = TeWe ) (1)
1=l

b
Wz = iz:l m¥Hy = meWe J

where We is the burning rate of the fuel in moles per second. The co-
efficient of Wg appropriate for each equation is determined by the
camposition of the fuel molecule f = Xk_sz mef.

For systems wlth gaseous cambustion products, there is a net out-
ward flow of fuel Wg, because the drop is a fuel source; further, the

net flow of oxident and diluent gas fram the amblent atmosphere is zero,
because there is no sink in the system. The presénce of some atom
species both in the atmosphere end in the fuel (e.g., oxygen, when al-
cohol burns in air) is provided for in the equations. Should & combus-
tion product stick on the surface or dissolve in the fuel, a sink would
then exist; the coefficient of Wpg for the atom specles involved in such

a product would be negative and determined by the stolchlcmetry.

The diffusion equations for the problem involve certain approxima-
tions which are treated in appendix D. This treastment introduces approx-
imations which are less severe than those made in the previous treatment
of such problems. The diffusion equation for the 1th molecular species
is glven by

Dy dpy Py Dyjdpy Wy
_Ginﬁ—d—r—+3N—2- BT --—: J#Nz and i*NZ (2&)

(eq. (D5) in appendix D). For the case of large fractions of inert gas,
py + 0. Then as in equatlion (D7)

Dy dp W.
171 i
~Gy === =-4 > 17:‘112 (2v)
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Similar equations are obtained for v - 1 molecular specles. If the
entlre process occurs at constant pressuré, the partiel pressure of the
inert ges 1s given by

PNZ =P~ i§zgpi ] . (3)

If no inert gas is present, the equations (2a) must be revised in

pi
terms of equations (D4) including the term '* Gy wlth some convenient

reacting specles designated as the vth species. If more than one inert
gas 1s present, equations (2a) present no !difficulty; however, when the
continuity equation Winert = O 1is used, 'equations (2b) indicate that
the pertlal pressure of such an inert geas lis ‘constent and equal to the
partial pressure in the boundary condition.

In addition, there are equilibrium equations for v - 8 molecular
species (i.e., number of molecular species minus number of atam species).
The v - 8 equilibrium equations are written in terms of B molecular
specles where 8 equals 8 minus the numfber of 1lnert species. The )
Independent molecular species are ususlly elected for convenience as those
noninert species having the highest partial pressures (however, they must
represent all noninert atom species). A balsnced chemical equation for
the 1th dependent species in terms of ea.bh (gth) of the s independent
specles can be written

s : .
1+ 2 ng=0 _ . (4)
&=l .
vhere the ng's are the stoichicmetric coefficients. Then
-T1.
pi"killpgg_ . (5)
g=l 1 '
where T
s
1ogk__,_-logKi+z‘;riglogKg (8)
g=l

The K's are the equilibrium constants for, the formation of the mole-~
cule fram gaseous atoms (ref. 7).

9LOY
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The amount of heat transferred by conduction is given In terms of
the flows and enthalpies of the molecular specles by

v
Wele - ? WE = - amfa S (7)

Hfo 1s the enthalpy of the fuel at its Initlal conditions and is a
special case of KE;, the enthalpy of the jth specles at tempersture T;
H 1is (EY) 4 Of reference 7 and includes the chemical enthalpy.

And so for unknowns, there are v + 1 flows (Wy, Wo, o« « « Wiy o «
W,, Wp) end v pressures (p1, Pa; + « « P4y + « « R,). There are,

therefore, 2v + 1 unknowns in the system of equations. There are s
continulty equations (egs. (1)), v - 1 diffusion equations (egs. 22))’,
a total-pressure equation (eq. (3)), v - 8 equilibrium equations (egs.
(5)), and en energy equation (eq. (7)) for a total of 2v + 1 equations.
At least in principle, the system of equations may be solved for all the
Py and W; et any specified temperature.

The elimination of Wr from the energy equation {7) and the con-
tinulty equations (l) Vilelds a modified energy equation and s -~ 1 con-
tinuity equatlons., The diffusion equations are then used to eliminate
the W's from the energy and continuity equations. The symbol
8; = Dy /xRT (appendix E) is introduced for convenlence throughout, end
dT/dr is introduced into the continulty equations. The results are an
energy equation and continulty equations in terms of 53, Hy, and

d.pi/d.T.

If the diffusion equations are teken in the form of equation (2a),
the equations can be Integrated numerically to produce a solution which
is essentlally exact (subject to the approximation in the transformation
of eppendix D). Some complications are encountered; an analytical solu-
tion of the equations 1s not possible. However, a numerical solution
has been obtained for the carbon case; the significant equations and the
difficulties are Indicated in the next sectlon.

If the diffusion expressions are taken in the form of equation (2b),
the equations take the followling form. The energy equation 1s

dp
Zi? 8. g = -1 (@)
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and s - 1 continulty equations - P : - .
dpy -

; c38 33 =0 (s) ]

In & specific case, E{ and cy develop 'in the algebra.

H{ and 8&; appearing in equations :(8) and (9) are slowly varying

TS
functions of temperature over wide ranges of temperature. In addition, S
8y may vary with composition. For narrdw témperature renges, 8; and o
E{ may be replaced by their mean values (in practice here, the &;'s o
have been teken as constants). Then equations (8) and (9) may be inte- o
grated in closed form. ' '
The energy equation (eq. (8)) becomes
=l -
8, HIA - '
AT + 12;5_ iHi s) 1 - _ }
apy = SE o 1ET (10)
where AT = T - T, and Apy = Py,T - Pi,t['o':- - .
The continuity equations (egs. (9)) yleld s - 1 equations of the o
form - _
v-1 . -
-1 -
Bpg = =5 25 ¢;80p 14N 'and g=2,3, ...8 (1)
88 ifg ;

Further, there are v - 8 equilibriim equations

p =TT p;’ihg - | (s)
g=1 .

and a total-pressure equation

" P - Dy 3)
Xz 1%2;1)1 ( A
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If minor inert geses are present, Dy,.. ™ constant, and, therefore,
Apj_nert-(). IIIh.e Pl, Pz, * & ey Pg, « o -,PE Onthelef'b Bid.esof

equations (10) and (11) are the species previously selected as inde-
pendent variables and which appear on the right side of equations (5).

Equations (10), (11), (5), and (3) in the forms indicated may be
solved simulteneously. Values of p; &t temperature T (P:I.,T) may be

obtained provided thaet the values of p; at some nearby temperature To
(Pi,To) are aveilsble.

Knowing all the partial pressures (P:L,To) at same amblent boundary
where T = To, select T and guess first approximations for the 8 in-

dependent pressures. Using the equilibrium equations, campute first ap-
proximations for the remaining Pi,T and then obtalin second epproxima~

tions for the independent variables using the integrated equatioms (10)
and (11). TIterate to obtain constant values for all py p which now

form & new set of boundary condlitions. 8Select & new temperature and
continue,

The lteration procedure 1s normally straightforwerd and convergent.
While not alweys rapld, it can usuelly be accelerated by successive ap-
proximations based on the trend of the early steps. For several in-
tervals in one system that converged ln all other intervals, the itera-~
tion did diverge; 1ln those intervals, successive approximstions finally
produced the answer,

The selection of temperature intervals 1s not criticel. A major
consideration should be the available tables of K; and Hy (there is

much less work if interpolation can be avoided). Generally, 400° K in-
tervals proved satlsfactory over most of the range, with 200° K intervals
near the maximm temperature, It is probebly desirable to have the upper
limit of the highest temperature interval within 50° K of the maximm
temperature. There 1s no particulasr reason for determining the maximum
temperature. '

At every temperature there are two sets of py which satisfy the
equations, one set corresponding to & fuel-lean condition and the other
to a fuel-rich condition. Accldental interchange of these two condi-
tions has not occurred; however, & very close approach to the maximum
temperature might produce such confuslon. On elther slde of the tempera-
ture maximum it is convenient to arrange equatiomns (10), (11), and (5) =o
as to use as Independent varlables those specles present in significant
quantities in that reglon.
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To end the calculation for eitherithe numerical integration or the
analyticel solution, a boundary condition must be selected for the sur-
face of the fuel particle; such & cri r:l.on may be either the surface
temperature, the partial pressure.of the ij_:.el, or some equlilibrium con-
dition. The criterie for the work heré are based on the latter two con-
siderations. These critieria produced: pa.r'bicle surface temperatures lower
than those anticipated on the basis of the _boiling point or the sublima-
tion point. The effects of such diffeziences on the burning rate are rela-
tively small; however, 1t 1s felt that Bu& criteria are more realistie
then efforts to guess the probable surface temperature.

(11) leads to & plot of partial press affainst temperature for each
molecular specles., BSuch plots are s for carbon and boron in figure
2. The burning rate Wp can be obta:l.ned. from:a suita.ble continuity

equation; for example, .

Elther the numerical in‘begra.tio:% the use of equations (10) and

— —

We = oo RO Yzi‘%‘mi = ;-’-: oWy (12)

Substituting the appropriste diffusion eq_ua.tions (in this case, eq. (2b))
glves

We o 9Py
-4“1.2““21:0;-815_1'— (15)

Upon integration,

T : Py,T
'wf,[ dr_ = x E °i51f apy (14)
rTo 1 )

4rr by »Ty
for an interval corresponding to & tempﬁan;-.ﬁre interval AT with limits
‘I' and T, where the partlal-pressure t8 are Pi,'I'o and P:L,T and
the radius limits are Tp end Ip. Then =~

Z;t(i---—l—n)(§ 'SApi - (15)

9LOY
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Suming AT from Tg to Tp

Wf Tc to TA
4,:(:1 - ")":: 2 cidgde (16)

corresponds to summing fram the ambient boundary rgs to the particle
surfece ry. With rg = =, & value for Wpfémr, is obtained. Summing

in this way permits the use of an average value of % for each temper-
ature interval; as e first approximation, X is the thermal conductivity
of the inert (stegnant) gas from the ambient atmosphere.

The spatial structure of the flame is obtalined from the ratio

We [ W
e e
T« to T
W.
e x 2 cf8Ap
e r_g? i 5 !

4xr, 4nrA
= 2 (17)

W, r  Tg to Ty

D S S LYY
AT 1

where the denominetor is the sum over all AT, and the numerator is suc-
cesslve accumuleted sums over AT intervals from the outer boundary to
the value of the radius =r. Flame structures so calculated are shown

for carbon and boron In flgure 3.

It should be noted that the geametry of the cambustion system
(spheres s cylinders, or plates) does not affect the partial-pressure -
temperature curves involved in these calculations. Geometry is intro-
duced only in finding the burning rete or the flame structure. Beceause
of the mathematical forms of the varlous gecmetries, the spherical system
is most convenient for theoretical itreatments. In the spherical case,
the ambient boundary appears as l/rc, and the term approaches zero as

the boundary is removed toward infinity; in the other cases, the amblent
boundexry eppears explicitly in the final result. In a sense, the steady-
state soclution does not exist except for spheres.
APPLICATION CF EQUATIONS
Carbon

The cambustion of a carbon particle in air 1s treated &s a specific
example of the general equations of the preceding section. The general
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physical model is shown in figure 1(a), except that no assumptions are
made about the structure. Carbon, oxygen, and nitrogen are s = 3 atom
gpecles. CIOZN(), ClOlNOJ CoOzNo, 0001N0, an& COOONZ ere V =5 molecular
specles, more familiarly, COp, CO, Oz, O, and Nz. The fuel is con-
sldered as C,0gNy and is not included as B m_o_lecu.‘l.a.r species because of

the very low vepor pressure of carbon; th;is —-cxnissiOn merely reduces the
number of equilibrium equations by one. [Then

Wearbon = Weop + Woo = 1Wp = We
Woxygen = ZMgo, + Woo + g, + Wo = OWp = 0 (1g)

Wni‘l:.rogen = ZWNZ = OWp = O

Numericel integration. - The diffusion equations for v - 1 = 4
species, COg, CO, Op, and O, with the vth gpecies identified as Np,

the only inert ges present, take the forn

W, -D &
oo, _ ~Doo, %co, Pcog(Dco2 PC0, Dgg dpgp  P0p %P0,

Do dpg
2 B &\’ & *RT & TR M+E®)
(2ac)

and similarly for CO, Oy, and O, For Ny, the inert gas in the ambient
atmosphere, P
- & . . .
PNZ 2 P - Z :Pi (50)
i=ml: ..

The v - 8 = 2 equilibrium equations are written in terms of T =2
independent varlables %— = 8 minus the number of inert specles;
3 - 1=2), 0z and COp have been selected 48 independent variebles be-

cause these specles predominate at the cold. boundary. The chemical
equatlons for CO are

9LOV
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1
COZ=CO+'§02 W

1
CO + 3 Oy - COp = O (zero)

and for O "molecules" f (4¢)

0-l02=0(zero) J

The equilibrium equations are

Pco,
Pco ™ Xgo _%Z—P o)

1/2.0
Po = kopoézpcoz

(5¢)

For example, in calculating koo at 2000° K using values of K; fram
reference 7, egquation (6) becomes

1
log ko = log Koo +-2-108Ko2 - lOSKcoz
= 21,1878 +% (6.2695) - 27.1855 = -2,8630 (6¢)

Koo = 1.371X10~3

The energy equatlon is

2, aT
Wele - Woolco - WeoBco, = WouBo, - Wolo - Wy,Bn, = -4 x & (7c)

With Wy eliminated from eguations (1lg) and (7g), the energy equation
becanes *

Hoooo = B} * Yoo, (oo, - Fr,) + Yo Mo, * Wofo = st & ()
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Use the four diffusion equations (Zab) to eliminate the four Wy's,
cancel 4mr®  and dr, introduce 8; = Di/xR‘I', and resrrenge. After
considerable rearrangement, the energy eguatlion becames

(2 - 2o - Bo)

dpgo,, ap
dpco COgz 0z )
I:(HCO'Efo) S0 ~a *(Boo, ~Fe} Boo, AT +Fo,%0, @ +Eo% T "'l]+
dp,
[(Hco -Be ) rco +(Hco, - B ) Pro, +Hg,Pp, '_!'_HOPQ] (ﬁco diﬁ% 8o dTO) 0

(8¢)

The continulty equation for oxygen cgn be similarly treated to yleld

dpco dpo
2, 2 dPco 4po
(2 - peo- Po)(5m2 a2, am)* (l+pco *P )Gco a *Pm ) °
(19¢)
The equilibrium equations are Posl
1/3
Po = ¥oPo, ,
' (5¢)
Pdoz c
Pco = kgo
1/2
Py,
2

Further, the derivatives of the eqpilihrium equations are required for
the numerical integration

S T i% 1 % \
and : ? (20q)
—aT = *co ;%725 RTC Do, OF 2pg, 4T J

9L0%
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The energy equation {eq. {(18g)), the comtinuity equation (eq. (18¢)),
the equilibrium equations (eqs. (5g)), and the derivatives of the equi-
librium equations (egs. (20g)), in the forms indicated, may be integrated
numerically using the second method of reference 8. Thig has been done
using for the cold-boundary conditions (at C): T = 300° K,

2o, ™ 0.2095, Pco, = Pco = Po = 0. The quantity & (appendix E) was
assumed to be independent of temperature and composition. Values of K-.I.
for equation (6g) and H; were obtained fram reference 7.

In the numerical integration, the temperature 1s a very satisfactory
running varieble, because Hy and K; are tabulated at 100° C intervals.

However, at the maximm temperature all dpi/dT = @, Therefore, the

running variable must be changed at same sultably high temperature (in
this cese a shift fram T to pgg was made, which ylelded dpi/d,pco

and daT/dpgg) .

The boundary condition for ending the calculation of the temperature-
composition profile was selected as the temperature at which pgy &and

Pcog satisfy the equilibrium for the reaction

C + COp = 2C0
. (210)
Pco
M covmm—

PCo,

This boundary condition corresponds closely to 1’002 = 0. The results

of the numerical integratlion are values of DPco, Pcoys Pos 8nd Pg, &t

1(ra.r:’)l.oue temperatures (fig. 2(a)); Py, follows directly from equation
30) .

The burning rate is obtained by substlituting the diffusion equations
into the continuity equation for carbon (the procedure is enalogous to
that yielding equations (12) to (16)):

. We

4xrd dr =

Pco, +PCo
zn* (Bcodrco +8co,9Pc0,, + 80,9P0, + 50590)]

- l%’cocho + 8o, 9pc0, *
2

(22g)
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Upon integration, each set of Apy cor:@:'esj)onding to a particular AT

corresponds to an increment in space. Ihe sum over &ll AT intervals
from Tg to Ty when rg = « and rA eq,ua.ls the particle radius

yields the burning rate Wp:

+p
COZ (0]

*(BeoAPo0*BeoAPco,) M5 (BaoAPeo+00,AP00, 80,70, +80AR0)
2

(235)

Pco, * Pco

where A and the factor % oy p.re teken as average values over
2
the temperature interval corresponding tb Api. The burning rate 1is re-

ported in the RESULTS section.

The complete structure for the carbon particle diffusion flame
(fig. 3(a)) 1s treced out in terms of equation (230) as described in
connection with equation (17).

Analytical solution., - To carry out!the analytical solution insteed
of the numerical integration, the d.:l.ffusion equations are taken in the
form

_Fi. f— ]_J.j:. .(}Ej.-. . (2be)
4nxrd RT dr C
The energy and continuity equations appedr in the form indicated by
equations (8) and (9). The appropriste equations can be derived by the
steps indicated or can be obtained by sefiting all pjy (but not dps/dT
or Ap;) equal to zero in equations (180)' s (19c) » (22), and (230)
The energy equation is

dp 4Pco,
BcolEco - B, ) _dﬂl'c—owcozcﬁcoz -Br ) = +a021102 a7 *%f g = -t

9L0Y
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The oxygen continuity equation is

dpao dpg da da
2 2 PO PO
2500 +250 .___+800.__+60__..-0 9
2 4T 2 aT aT dT (3¢)

The equations may be integrated st once, provided a small enough
interval 1s selected so that the enthalpy terms and & may be approxi-

meted by average values. On the oxygen-rich side, pg 2 and PCOZ are

apprecieble and are selected as independent variables, The elimination

dros .
of 502 T from the energy equation results in a sllight additional

simplification., Then

e
and
- Bpop = - 5’3;@%9 Apo + %9 Apg -+ %ozAPcoz) (12c)
&
where
1 ; Hoz
Beo = Hoo = Be, 7

2
Hc‘)wﬂo-T

To, = Foop ~ B, = o,

Equations (10g) and (1lg) are iterated together with the equilibrium
equations (egs. (5c)) from the outer boundary toward the region of maxi-
mun temperature, that is, over the oxygen-rich side of the flame front.
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On the fuel-rich side, PCOZ and PCb are the major constituents
and are selected as the independent va.ria.‘ble_s_; Eliminate SCO %%Q-

fram the energy equation. Then )

AT + SozﬂazApo-z + 60H8Ap0

Pgo, = = Soo,E00, (205")
and .
Apgg = - 3%5 (8fpg + 280,AP0, + 2800ARG0) (11g')
where !
Bo = By - Bgg + Ep_

Hop = Bo, - Hgo + He
o=, 5,

The equilibrium equations (egs. (5g)) must also be rearranged in
terms of P and P
co, co

Og - 2C05 + 2C0 = O (zero) O+ CO - COy = O (zero)
1
Po, =\kco 5 Po = kokco 5
02 Pao 0 Pao
kgo and. kOkCO may be used as determined before but are better evalu-
ated directly in terms of the K; +to a.véid. & bulldup in rounding-off
errors. This system of equations (egs. (5q'), (105'), and (115')) may
be iterated Just as on the oxygen~rich s;.d.e_gf the maximm temperature.

The shift fram one set of equatioms: to the other is best made after
approaching to within 50° K of the m temperature. Using the last
set of Py and T found on the o:qrgen—r:!.c.‘l_n_ slde, guesses are made fo_r

9L0%
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Peo and PCOZ at the same T on the fuel-rich side. The iteration

procedure 1s similar, except that with AT = 0 i1t 1s more sensitive to
small changes in apy .

The burning rate 1s gliven as

we
Ty :AEE x(8ceApgo + Bco,APco,) (16¢)

and the structure of the flame 1is as 1n equation (17) « The equations
can be obtained fram equations (22p) and (235) by setting p; = O (but

not Apy), except for 1 = Ny, The burning rate is reported in the
RESULTS section. The structure is plotted in figure 3(a).

Boron

The burning rate of a boron particle is treated in appendix B by
the methods outlined in the section GENERAL EQUATIONS. Because so many
equilibrium equations exist, the numerical Integration 1s not carried
out; rather, the enalytical solutlion using the 1lterative procedure is
applied to four separate boundary conditions. The derivation of a
boundary condition for condensed By;0z 1s included in appendix B. Also

Included are the detalls of a rapld three-graph method for obtalning the
burning rate of boron under a variety of ambient conditioms; this
graphicel method 1s of general use ln cases in which some medium temper-
ature boundary exists.

Figure 2(b) shows curves of partial pressure against temperature for
boron burning in elr; figure 3(b) glves the flame structure for the same
case, The burning rates from the analyticsl solution and from the simpldi-
fied equations (appendix C) are presented in the RESULTS section and in
tables I and II.

Hydxrocarbons

S8implified calculatlions of burning rate have been made previously
for hydrocarbons ln terms of heat conductlon and diffusion. References
1 and 5 give results of calculatlions showlng the effect on burning rate
of certain changes in the baslic assumptions lnvolved. The equations
used In those calculations can be deduced from the gereral equatiomns pre-
sented in earlier sections of this report by introducing certain assump-
tions about boundary conditions inside the fleme.
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The detalls of the reduction of the:genersl equations to the simpli-
fied equations previously used are contajned in appendix C. The use of
the simplified equations leads to an expression for Wf/éxrA for the

burning rate, as does use of the ext.endeq. calculation. The only informa-
tion which can be deduced about the strué¢ture of the flame is the loca-
tion of the flame front. b

The burning rate of isooctane (a W%ica‘.l_ hydrocarbon) in air is in-
cluded in the RESULTS section. Values for Sther ambient oxygen partial
pressures and temperatures may be readlly cbtalned from reference 5 as
indicated in appendix C.

Magnesium:

Work has been published on the experimental burning times (inverse
rates) of magnesium ribbons in various atmospheres (ref. 6). The calcu-
lations presented with that work support:the experimental results quite
closely in the prediction of relative rafes; however, the calculations
were based on equations deduced from the’equations used for hydrocaxrbons
(refs. 1 and 5) rather than from the gengral equations like those pre-
sented here, If the equations for the magnesium case are deduced from -
the equations in the GENERAL EQUATIONS séctlion, the resulting equations
bave a samewhat different form than thosé afbearing in reference 6.
These changes have same effects on the r¢sults of the previous calcula-
tions for magnesium. The computed burning rates decrease samewhat
(burning times :anrease); the predicted telative rates are somevwhat less
strongly dependent upon the ambient oxygén partial pressure.

The details of the reduction of the,general eguations are contained

in eppendix C. The burning rate is obtajned as Wf/é:mA. The only in-

formation obtained about the flame struc'i;ure is the location of the inner
and outer boundaries of the high-temperature zone.

RESULTS |

When the calculations described in the GENERAL EQUATIONS section
are applied to carbon as & specific example, and to boron (appendix B),
they yleld the burning rate and the flamd structure of the diffusion
flame; these come as slmple consequences'of ‘temperature-camposition
curves which are the direct result of the nuierical integration or the
iteration of the analytical solution. Teéempéerature-camposition curves
are shown in figure 2(a) for carbon and in figure 2(b) for boron. The
flame structure of carbon is indicated in figure 3(a) and of boron in
figure 3(b). Burning rates are presented in_table I.

L
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For carbon, figures 2(a) and 3(a) give the results of both the
numerical integration and the lterative procedure. They do not differ
significantly. In the oxygen-rich region below 2100° K, where the dif-
fusion of 02 and COz 1s actually equimolar counterdiffusion, the nmumeri-
cal integration and the anelytical solutiocn (based on diffusion equa-
tions (2b) of the same form as those for equimolar counterdiffusion)
give identical plots of partial pressures ageinst temperature. In the
fuel-rich region, the partial-pressure - temperature curves diverge for
the two cases; two molecules of CO pass out for each molecule of CO2

going in. The burning rates for the two carbon cslculetions agree well.

This is an Indicaetion that the considerebly less difficult analytical
solutlion does not introduce significant variations in the results.

Figures 2(b) and 3(b) show the partisl-pressure ~ temperature curve
and the flame structure for boron burning in ailr from the analytical so-
lution (a.ppend:!.x B). For boron, the analytical solution involving the
lterative procedure 1s applled to four separate boundary condltions.
These results (fig. 4), together with two curves (figs. 5 and 6) repre-
senting boundary conditions for the condensed oxide, yleld boron burning
rates for a wilide variety of amblent temperature and oxygen concentration.

The following peragrsph ls an exsmple of the use of flgures 4 to 6 -
finding the burning rate of boron Wf/ém:A for an ambient temperature of

2400° KX in a mixture of 18 percent O; and 82 percent Np by volume at 1 at-
mosphere. From figure S5, the correction term Apoz = 0,0514; then

POZZLS?O 0.1800 - 0.0514 = 0,1286. From figure 6, for 400° K,
(We/ax)(1/ry570 - 1/rg) = 1.21X106 mole per centimeter per second;
from figure 4, for Dg,is570 = 0.1286 atm, (Wf/aﬂm:) (l/rA - 1/r1570) =
8.33x10"6 mole per centimeter per second. Therefore, with l/rc = 0,

Wf/L:mA = 9,54x10"® mole per centimeter per second.

The simplified eguations deduced in appendix C from the general
equations are applied to boron. The calculations were carried out for
two extremely different compositlon conditions (case A, solely axygen
and product, case B, product and nitrogen); note remarks on the treat-
ment of dissociatiom in appendix C. The values of WfféztrA obtained

(table I) are in substantial agreement, although the values of Ty

varied wldely. The only significant dlfference ln the two cases arlses
when ambient temperature and oxygen partial pressure are varied
(table IX).

The burning rates for boron obtalned from the extended calculations
are shown In taeble II. For a series of increasing amblent temperature,
the burning rete in air increases roughly 1 to 2 percent per 100° K;
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reducing the inltial oxygen partial predsure from 0,21 to 0.15 atmos-~
phere at 800° K decremses the burning re;te by roughly one-third. Case
A of the simplified caslculation gives numerical answers rather close

to those of the extended calculation, but there is little verietion with
amblent temperatures and oxygen partial ipre_ssure._ Case B of the simpli-
fied equations glves mumbers about 50 _pércent greater than those of the
extended calculation; however, the relative dependence of the burning
rate upon ambient temperature and ouqrger'}' partial pressure is similar for
cese B and the extended celculation. When the results of the extended
calculations ere compared wlth those of | the simplified equations, it
appears that for meny purposes the sin:pi!ifi’ed. calculations should prove
adequate. :

The numericel results of the calcuiaticns described yleld burning
rates which may be expressed in a va.rie'_\:.y of ways. For the spherical
gecmetry considered here, this leads toi values of Wgf4wr, which in-

clude the steady-state assumption thet ;l/rc has gone to zero. The

units of the integrals are (moles of fuel)/(cm)(sec). These results are
converted to the more physicaelly significant units of fuel consumption,
g/(cm) (sec), or heat-release rate, cal/(cm)(sec), by introducing the

molecular welght of the fuel or its mol'p.r heat of combustion. Table I
gives values of We/4mr, in & variety of units for carbon, boron, iso-

octane, and magnesium.

The evaporation constant and perticle lifetimes for l-microm par-
ticles are also included in table I. sé values are based on the
assumption that these particles cbey tHe formula for evaporation, which
includes burning as a special case (refis. 2 and 5},

&% = af -jpre,

where 4, is the drop diameter at + = 0, 4 1s the diemeter at +t,
and B' is the evaporation constant. ;The droplet lifetime is then

2
.

L .
- g M We 2
where B 8X10 —p Tr Bquere micron# pér second.

On a welght and heat-release basis (table I) isooctane end mag-
nesium have rates which are roughly three to five times greater than
those of boron and carbon. (Molar rates are not e meaningful compari-
son for substances of different molecu,ia.r weight.) In terms of particle
lifetimes, those of boron and carbon are an order of magnitude greater
than those of 1sooctane and magnesium. . -

9L0% .
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The burning-rate calculations (which apply only to steady-state
burning) do not in themselves explain the extreme difficulty of burning
elemental boron {(e.g., incomplete combustion even in a bamh calorimeter
(ref. 9)). The computed structure does indicate large concentrations
of gaseous boric oxide (Bz0z) near the boron surface. During ignition

or under convective conditions, a momentarily cool boron surface might
become coated with condensed oxide; such a coating could well preclude
canplete combustion.

SUMMARY QF RESULIS

A system with genersl equations for computing the burning rates of
small particles has been developed and applied to the cambustion of
carbon, boron, magnesium, and isooctane, with the following results:

1. Burning rates of liquid hydrocarbons and relative rates for meg-
nesium ribbons have been predicted in satisfactory agreement with experi-
ment from a model in which heat- and mass-transfer processes are assumed
rate determining.

2. The equations which determine the steady-state burning of liguids
or sollds can be set down in a general form. From these general equa-
tions, together with appropriate simplifying assumptions, the explicit
burning-rate equations which have been used previously for hydrocarbons
and megneslium may be derived.

3, If dissoclation is consldered in the calculatlions, more realistic
temperature and camposition profiles are cbtained for the cambustion
zone., However, such considerations do not change burning rates greatly
from those calculated fram highly simplified models.

4. Calculations indicete that heat-release rates are in the order:
liquid hydrocarbons > magnesium > poron & carbon.

5. The burning-rete calculations (which apply only to steedy-state
burning) do not in themselves explain the extreme difficulty of burning
elementael boron.

Lewls Flight Propulsion Isboratory
National Advisory Cammittee for Aeronautlcs
Cleveland, Ohio, December 14, 1956
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APPENDIX A

SIMBOLS

The following symbols are used in this report (the units indicated
are those employed here, but the equa.tions are valld for any consistent
set of units):

B,8',C

c

c,c!

E',H"

EHWN&

B

definite integrals defined in text, moles/{cm) (sec)
differential function defined by equation (D3)
congtants, developed explicltly in any specific example
diffusion coefficient, sq cm'/se'c'

diameter, microns s

right side of equation (32g),

mess-transfer rate per unit area, moles/(sq cm)(sec)
general independent molecular species

enthalpy, ;.lncluding chemical: erergy, cal/mole

sensible heat of fuel to boiling point, cal/mole

sums of eathalpiles, d.evelopeci explicity in any specific ex-
ample, cal/mole

heat of combustion/heat of vé.pofization
equilibriwm constant for referende reactioms
equilibrium constant for specified reaction
beat of vaporizatiaon, cal/mole

molecular welght, g/mole
stolchiometric coefficient
total pressure, atm
partial pressure, atm

heat of cambustion at reference temperature, ca.l/mole

LOY
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X,Y,Z

%iey Y14 %my

Bij
ﬂl

P

(]

g(1,1)%,
9(2:2)*’

Subscripts:

A,B,B',C

82.05 (cu cm)(atm) /(°C) (mole)

universal s constant
gas ¢ {1.937 cal/(°C) (mole)

radius from center of particle, cm
number of atom specles

s minus the number of inert specles; number of molecular
specles adopted as independent varlables

absolute temperature, K
time, sec

lifetime of particle, sec
diffusion veloclty, cm/sec
mass-transfer rate, moles/sec
atom specles

general molecular specles

mole fraction, p/P

Dy 4 P/RT, mole/(cm)(sec)

evaporation constant, sq microns/sec

D/xRT, (moles)(°C)/(cal)(atm}

thermal conductivity, cal/(sq cm)(sec)(°C/cm)
number of molecular specles

fuel density, g/cc

molecular diemeter, Angstroms

integrals for calculation of dlffusion coefficient and
thermal conductivity, teabulated in ref. 10

boundaries of zones (fig. 1)
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AB,BB',BC,B'C
(e)

eq

£

(&)

1,9

zones between appropriate, bounderies
condenged phase :
equilibrium
fuel

gaseous. phase H
general molecular species'
initial conditions

caombustion products

NACA TN 3929
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APPENDIX B

DETAIIS QF BORON TREATMENT

This appendix presents the details of the treatment of boron o
in terms of the general equations. This includes the equations for the
analytical solution, as well as the derivation of & boundary condition
for condensed By0z. Further, there 1s an explanation of the rapid three-

graph method for obtaining burning rates of boron under a variety of am-
blent conditions; an example appears in the RESULTS sectlion.

Genersl Boron System wlth Gaseous Bz03

The genersl physical model is that indicated in figure 1(a), except
that no assumptions are mede ebout the structure of the flame. Heat and
mass transfer are consldered; convection 1s assumed to be absent. As
distinet from carbon, boron 1s significently volatile at flame tempera-
ture. Nevertheless, the handling of the equations is quite analaegous to
the carbon case,

Boron, oxygen, and nitrogen are s = 3 atom specles corresponding
to X, Y, Z of the general treatment. B, By, BO, By0z, 0, Op, and Np

are Vv = 7 moleculer specles corresponding to BlOONO, BZOONO’ BlOlNO ’
Bo0zNg, BgO3Ng, BoOgNp, and BoOgNz 1n the notation of the general case.
By0gNp is assumed to be the fuel molecule.

The continulty equations are
Whoron = Wp + 2Wn, + Wpo + 2Wp,0, = Wy = Wp
Woxygen = WBo + 3Wpy0z + Wo + 2Wp, = OWp = O (1)
Wiitrogen = 2Wy, = g = O

Fram the diffusion equation (eq. (2b)), the v - 1 = 6 diffusion
equations are of the form

Wg Dg dpp
ET TR & (2op)



28

NACA TN 3929

The total-pressure equation for nitrogen 1s

PNZ"P' Py
1f,:

(3p)

For independent varisbles, B = 2 (s ..- 3 minus 1 inert species, N2);
Oz and B0z are the noninert species with greatest partial pressures

near the cold boundary The
tlons are

1 3
7 B0z =B + 70y

+ 72- 0y - %32_05 =0 (zero)

3
Bp0z =-Bp + 5 Og

3
Bo + 5 Op - 3205 0 (zero)

1 1

1 1
BO + 7 Oz - 5 Bp0z = 0 (zero)

= 0 (zero)

k(%) g

The energy equation tekes the form

Wele - Wp'p - ¥B BB " ¥BofRO - ¥B0.%8.0,

273 7275

V-8=4 phemica.l and equllibrium equa-

2
ija.éos )

0 (55)

2,4t
WOHO-WHOH-AIE' d.r

(75)

9LOV .
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As In the general equations, the energy equation and the oxygen contlnulty
equation can be trensposed to glve

& q
(s - o) 2+ Oyl - Br,) T+ Saolag - i) e +

drB a
®8,05(FB505 = z,) —g7— 203 * oo %i_o_ * 0,0, "??Tﬁ =-1 (ep)
and
& dp
oo 220 4 Sty —E0 4 gy P04 8y B e (3

Equations (8p) and (9p) may be integrated using mean values of &; and
Hi s and each equation solved for one of the two independent variables.

As in the carbon case, 1t 18 convenient to eliminate the second in-

dppao
dependent variable from the energy equation; 53205 —d-;—é is eliminsted.

Independent variebles are PBZO.'S and POZ on the axygen-rich silde,
P32°3 and ppg on the fuel-rich side. '

The energy equation (on the oxygen-rich side) is

AT + 5Py + BB Mo, + Spoficeao + ARG

Apoz = _ao Hé (lOB)

The continuity equation is
80p 0, = 5 (BpfPpg + B9 + 250, 00,) (115)
205 3%p,0, 2 02

Equations (10g) and (1lg) together with the equilibrium equations
(egs. (5g)) and the total-pressure equation (eq. (3g)) for nitrogen may be
1terated, as In the general case and the carbon example, as soon as colg,
boundery conditions are avallable; however, such & solution is possible
only when the system is entirely gaseous.

Condensed B0z, & Special Boundary Condition

When condensed B203 is present, temperature is relatively low; B,
Bz, BO, and O are essentlally sbsent; and N2, Oz, B20z(g), and B20z(c)
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are present. The symbols {g) end (c) w:l;'bh"]_igos stand for gaseous and

condensed (liquid or solid) oxide, respedctively. For these conditions 3
the continuity equations assume the form

2W3203(8) + szng(c) = VWe -
SWBZOS(E) + 3w3203(¢) + zw02 =0 (24p)
W =
N, = ©
The diffusion equations for By0x(g) and !0y are

¥8,05(8) PBL0; 9PB,0, )

2""R'.;E dr

4nx F (253)
¥o, Doy 9Po,
o Rl -
For nitrogen \
Py, = ¥~ Po, "1 PB04(g) (265)

The equilibrium partial pressure of 3205 is glven by

log peq,,3205 -'log KBZOZ:(;E) - log KBZO.',"(C) (273)

The energy equation is
. - - - ar
Wfoo - ‘\'3205(8)33205(5) = WBZOSCC)HBZO;(C) WOZHOZ ‘_INZHNza 4112“61‘

(285)

Combining equations (243), (25g), a.nd (28g) ylelds

4PB,05(g) f dpo
B13203(31320:5(3) - HBzos(c))__E;—_ * 6;02[302 - %éﬁzos(") ) ZHfo)]_aT—z

- - 1j (29g)

9LO¥
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Since PBZOS(S) = pquBzos,

Substituting for deZQs/d_T' in equation (29g) glves the following ex-
rression for dpg,/dT:

dpoz
- —dT =
1 _[ . Peq,Bzosaszos (Hszos(g) - EBZOS(c))Z]
BOZFOZ - 3 (ny05(e) - 2Hfo)] R

(31p)

A second expression for dpg 2/d.!l.‘ is obtained by setting
W 205(“) = 0 in the oxygen contlnulty equation for the boundary at

which the condensed oxide vanishes, then substituting the diffusion
equations for %203(8) and WOZ:

820, 5 OB,05 B0; s OB,05 Peq,B05 (EB,05(g) = EB,0s(c)]
ar Tt 2 TOZ_ —ar "2 Bogz RT2

(32g)

A graphical solution of these two expreesions for dpoa/d.T in terms of

Peq,,Bzos indicates that the two functions are equal at a temperature of
1570° K, which corresponds to Pg,oz = 0.004365 atmosphere. This is

essentially a dew point for B;Ox in the combustion system; it is inde-
pendent of the ambient temperature and the ambient partial pressure of
oxygen, but would be affected by any variation of Ero, 602, or 53203.
The condition WBZOS(C) = 0 &as & condltion at the dew point 1s samewhat

arbitrary; however, no diffusion equation can dbe written for the con-
densed phase, and there 1s no basis for assigning a flow veloclty other
than zero to condensing particles of ByOz. The condensed B0z particles

are implicltly assumed to move, in other reglions, at the velocity neces-
sary to meintalin the steady state.
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The partial pressure of oxygen cor#'espondin% 7w 1570° K and .
PB,03,1570 15 obtained by integrating equation 513) graphically to
yield poz,1570: :
1570 ’
f F(T) 4T = -Apo, '™ PO, - P0,1570 (33p)

T

vhere F(T)} is the right side of equation (3lg). Figure 5 is & plot of
the integral as & function of T, (the value of Apo, 1s & correction
to the ambient partial pressure ocf‘ o:qrgen (pozc) for the departure of

the amblent temperature from 1570° K). ' _

90

Burning Rate and Fla,me ‘Btructure

In the regions where condensed BpOz exists, the continulty equations
(24p) can be cambined with the diffusion equa.tion for axygen (eq. (25g)).
This ylelds i - o=
d.poz
We = SWOZ-—xBOZ Larr® o (343)

which when integrated from the ambient boundary (T, Po,cr 80d Tg) to

1(:he ‘I;ounda.ry conditions (1570° K, p02]57b, ahd r570) glves by equation
33g -

W.

£f 1 1 4
35

B

1570
“-502_/; _xF(T) am

Figure 6 is a plot of the integral as e function of TG calculated
essuming % = Xy,. The value of the intégral in equation (553) would

yield the burning rete if rig7g could Be determined; as it stands the

4x A TI1570

W ;
integral is a quentity which may be added to the quantity --1';(-1- - L )
to glve the burning rate. . S - .
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With the boundary conditions at 1570° K teken as the cold boundary,
the analytical solution appropriste to gaseous conditlons may be obtalned;
thet is, the energy equation (eq. (10g}), the continuity equation (eq.
(115)), the equilibrium equations (eqs. (5g)), and the pressure equation
(eq. (35)) may be iterated as in the general case and the carbon case.

This solution produces a plot of the partial pressure of each com-
ponent agalnst temperature, as shown in figure 2(b). The appearance of
the closed loop in the plot of the partial pressure of boric oxide 1s
solely the result of the equilibria and the plot, and has no physical
slgnificance in itself.

The burning rate Wp can be obtained using the continulty equation
for boron by substituting the diffusion equations and lntegrating. This
yields

e o \ bRt T

Tr{en ~ Trorg)” Dy (o57a+ 2oafiba; + BacAbgo + 2op05805505)

(163)

to vhich may be added the right side of equation (35g) to obtain

Wf—]-'--i e 1s obtained by letting Ex approach zero
dx\ra ~ ro)® Anrp rg SEP :

The structure of the boron fleme can be deduced from the curves of
the partiel pressure, as discussed in comnection with equation (17).

Graphical Method for Burning Rate

Because the assumption is made that pg, sz, and ppy are equal

to zero at the 1570° K boundary conditiam, that Dp.o, 1570 18 com-
stant, and that the inner boumdary is defined by an equilibrium, the
quantity obtained in equation (163) 1ls determined by the partial pres-
sure of oxygen at 1570° K. The analytical solution is carried out for
a serles of such oxygen values. Flgure 4 is a graph showlng integrated

Wel1 1

values for - - Trom equation (16]3). The straight~-line
4x\rA T1570

appearance seems colincldental.
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Figures 4, 5, and 6 permit a rapid ¢valuation of the burning rate

for wide renges of ambient partial pressq:re of oxygen (see example in
RESULTS section). In essence Lo

_E.f_ f(T )
4‘"1'A = C» POZ,C

wdefl L\ Wef1 1
4n\ra Tis70) 4T\Tisr0  Te

= &(po,,1570) *+ B(Tg)

where P, 1570 1s obtained from P0,,C: and Ty by figure S. h(Te)

represents the quantity plotted in figure 6, and 3(1’02 1570) that in
figure 4.

9L0%

£
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APPENDIX C

REDUCTION OF GENERAL EQUATIONS TO SIMPLIFIED EQUATTONS

The calculations developed in the GENERAL EQUATIONS section and ap-
plied to carbon as an example and to boron in appendix B requlire no as-
sumptions sbout any internal boundary conditions of the flame zone. In-
deed, the structure of the flame follows as a consequence of the
assumptions made about equilibrium and diffusion. When certain assump-
tions are made about the flame front, in terms of the models in figure
1, the general equations can be simplified. The simplification is both
in the form of and the number of equatlions involved. The resulting
simplified equations are those used previously for hydrocarbons (refs.

1 and 5) and for magnesium (ref. 6). An infinitesimal flame front
(boundary B, fig. 1(a)}), where the concentrations of fuel and oxygen are
zero, 1s used for the hydrocarbons and boron. A flame front of finite
thickness. (reglon BB', fig. 1(b)) involving a high-temperature diffusion
zone 1s used for masgnesium., In both ceses, the fuel surface is assumed
to be at its boiling point; Tp = Tp,p,.

Hydrocarbons and Boron

The diffusion equation (eq. (2b)) for oxygen may be written

W, -Dn_ @ -nn W
0, Do, o, ~Ro,Wr
2 T & " i (2bm)

because Woz = -nOZsz in the over-all process.

The energy equaetion (eq. (7)) may be written in the form

We[tie, - Er + nofo, - mpip) = - tmdx (7g)

Oxygen and product terms masy be written so as to allow for dissoci-
ation In order to maintain realistic temperatures; the most practical
assumptions (ref. 5) are atomlc homogeneity (a constant ratio among the
atan specles regardiess of their chemical arrangement) and chemical
equilibrivm among the molecular specles. From the camposition-
temperature information, estimetes of the enthalpy-temperature function
cen be obtained. Variations in the enthalpy function in equation (7g)

produce variations in Tp from equation (40g), but such errors tend to

cancel out in the graphical integration of equation (41g), where the
sene enthalpy functlon eppears.
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Now 1f the conditions that POZ = Dp 3== 0 at the flame-front boundary

are applied to the energy equation, some simplificatlons occur, For the
AB region inside the flame front, there is no net flow W of any compo-
nent other than fuel. The fuel is assumed to proceed uncracked and un-
reacted to the flame fromt; therefore, only the fuel contributes to the
enthalpy term. The energy equation for 'l:.he region AB inside the flame
front becames _ !

wf[Hfo - Hf] - wf[AH + L+ Ep - ;:Ef,':bA] - saPyp & (57)

In the region BC outslde the flame front, 'oxygen diffuses inward, and
products diffuse out; the energy equation may be written as

Wr [Efo +10,(Ho, - E0,,C) - np(Ep - Bp,C) +no,E0,,C - anp,C]"' - 4nrPxpg %
(38g)
We[Q + no,(Ho, - Hoy,0) - mp(Ey 5 By,)]= - 4w F (39p)

wvhere Q 1s the heat of cambustion of thé fiuel particle at its inltlal
temperature with oxygen at T¢ to glve prod.ucts et To. The terms

n0a(Hop = Hog,c) 8nd ny(E, - B, o) (decaposed into their disecciation

products where necessa.ry) are & correction to the quantity of heat to be
conducted., In equations (37g) and (39g), 'the quantity in brackets is

the amount of heat that must be conducted.,through each temperature re-
glon in the steady state for each mole of ;fuel consumed.

In the outer BC zone, the diffusion equation for oxygen (eq. (2bg))
and the energy equetion (eq. (39g)) yleld'

DOZ POZJB.HO TB- ) : am
nozRTnBcf %o, ™ {9 + nop(Hop - Hop,c) - mplEp - Ep,cl |
Po,,C e 2

(40g)

The quantity D, /XBCT is essentially independent of temperature. With

the enthelpy function known, the right side of equation (40g5) can be
evaluated graphicaelly to determine Tg.
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The energy equations (egs. (37g) and (39g)) can be integrated in
their respectlve zones 4o yleld

H_-"-.(_l_-i)-fmn x“nﬂ +[‘DB Kde =B +C
ix\r, "7, 2, [AE+L+E:-Hf,A] e [Q+noz(Hoz-Hoz,c) '-_ﬂp(ﬂp-ﬂp,c)] - T

(e15)

=B+C

By using the value of Tp obtained from equation (40g), the two
integrals on the right side of equation (41y) may be integrated graph-
ically. Values of X must be estimated because the composition is not
determined; in the AB zone XAB 1s eppropriastely taken as that of the
fuel; 1n the BC zone Xpo 1s taken as that of the inert present in the

ambient atmosphere. Errors made in the estimetion of n in the enthalpy
function and in the selection of x <for the evaluation of Ty in equa-

tion (40g) tend to cancel out when We 1is evaluated by equation {41g).

As 1l/rg + 0, equation (41g) ylelds the burning rete We/dsxrp. The
only information easily deduced sbout structure from this caleulstion is
the value of rB, which can be determined from Wp and the value of

elther of the two integrals. A more compact expression is

rg B+C B+C
BT =7C (42g)

}'EE"‘E

The form (B + C)/C arises as 1/rg~ O.

Values for the burning rate of a typlcal hydrocarbon (iscoctane)
are included in the RESULTS section. (They were cbtained by use of the
integrals B and C from figures 8 and 9 and Ty from figure 10 of
reference 5.} The values of the integrals in reference 5 are converted
to the units used in this report, (moles of fuel)/(cm)(sec), when multi-
plied by 0.,1304 (g/1b)(cm/rt)-1(g/mole)~1,

Magnesium

High-temperature dissociation date are not available for magnesium
oxide. Further, there is some evidence that the oxlde dissociates com-
pletely upon vaparizetion (this Implies that the heat of veporization is



38 ' : NACA TN 3929

equal to the heat of reaction &t the bolling point). Therefore, for
magnesium, the flame front of lnfinitesimal thickness was replaced (ref.
6) by & high-temperature zone of diffusion and reaction at the boiling
point of the axide (region BB', fig. 1(a)).

The .energy equation may be written:

- W - W, - Wy - 4mry GL
WelHe | - Wyghg - WooHo, - Wgofugo = =
(7M8)
W. - + - Dyoo -4 4T
efFe, - g + 2057, - medugo] = - 4
Dlssociatlon 1s considered only in the reactlon zone.

In the AB region inside the reactlion zone, there is no net flow of
any camponent except fuel. Products are presumed to pass outward (d.e—
spite minor oxide deposits on the ribbon in the experimental case)., The
energy equation in the AB zone becomes i -

wf[AH + L + By - %,:A] = trryp & (37yg)

In the region B'C outside the resction zome, oxygem diffuses inwerd, and
MgO floats out. The energy equation may be written, analogously to that
for the hydrocarbon case, as T

we[Q + no,(Ho, - Hop,c) - mMgo(BMgo, - Hugo,c)]= - 4xrBupic %
(39Mg)

Because of the condensed product, the diffusion equation for oxygen
reduces to the equation for the diffusion of oxygen through a stagnant
film of the ambient inert gas (form of eh. (D6), appendix D):

Yo, Do, T} - %o, '
am? - FI(F - Bp,) & (43yg)

9L0%

[
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The diffusion equations for oxygen and the energy equation for the
outer B'C zone, combined and integrated, yleld

'=? 1 e L ]
DOZ 05,B P dpoz _‘/‘IEB =T, P

nOZRD(fB'C P"POZ B

ar
a0, (Bo,-Ho,,,¢) -op (Bp-Hp, I
P0,,C Tc [ 272 2 i ]

(44g)
In this case, the grephical integration ylelds the partisl pressure of

oxygen at the B' boundary rather than the t ture of the flame front,
as in the hydrocarbon case (eq. (40g)). Do,/Ttp:c 18 again assumed to

be independent of temperature.

In the high-temperature diffusion zone (BB') cambining the con-
tinulty equations

2Wo, + Wigo = O

% + W‘Mgo ] Wf
with the energy equation (7Mg) yields

(L)

Vigg(Ee - Hyg) + ZWOZ(HMgO -H_ -2 Eoz) = - dnrP % (45yg)

In the BB' region of high-temperature diffusion, the temperature gradient
1s zeroj;

Wigg = - ZWOZ(AE —~ f”;;: - %’A)E -258%,, h

and similarly

(46pg)

Wf - 2(-*-!- l)WOZ )

Here Qz200 1indicates the heet of cambustion of magnesium at To to-
form condensed MgO at 3200° K. The factor H#° & 2.0 does not appear in
reference 6, It may be regarded as the ratio of the amounts of Mg0 con~
densed at the outer and lnner boundaries of the BB' zone.
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In the high-temperature region, the diffusion equations for oxygen - -
and magnesium are in the form of equations (2a). Both diffusion equa-
tions and both forms of equation (4%) combine to yleld

2

e 22 (ayz) PO

anre BT P+ (2F - T)poz ar

_ ("‘7Ms)

Equation (47Mg) is integrated.over the Hourdary conditions po, = PO,,B!
at r=rg eand po, =0 &bt r = rp, In reference 6, the factor

(2o¢ + 2) /(24 - 1) & 2,0 does not appear in the integrated form of the
diffusion equation; rather the factor 1is 1/'1102 = 2, The introduction

of J from the general equations, instead of the use of equation (43pg)
for the diffusion of oxygen in the high-temperature zone, does result in
same modification in the dependence of the burning rete upon ambient
partial pressure of oxygen; the original formulation, which now must be
regarded as semiempirical, fits the experimental results somewhat more -
satisfactorily. . |

3L0%

Finally, the burning rate is obtained by adding the Iintegrated forms
of equations (57Mg), (39g), and (4Tyg). As 1/rg+ O,

Dy P i P+ (25 - L)pg g
2 2M%:2 2’
4:!CI:'A / mdﬂ'+-- flln - 5] + .__,
o ' N'B'C ' ,
& '+ C
fT [2 + mo5fF0 - Tog /) - %p(Ep - H.pc)] mErErE
c

(48y)

Each term of equation (4’%) is positivé with the logarithmic term domi-

neting, particularly in oxygen-rich a.tmpspheres. Equation (“Mg) shows

a strong dependence of POZ,B' upon PP?_,:G’ the amblient pertial pres-

sure of oxygen; this shows up in turn ip eguation (4'3148) a8 & strong de-
pendence of Wy upon Pop,B'* This :Lsn consisteant with the experimental .

eviz(ience fc)'ar amblent atmospheres coveripg & range of 15 to 100 percent
02 (ref. 6 }
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AFPENDIX D

DERIVATION OF APFROXIMATE DIFFUSION EQUATIONS FQOR
MULTICOMPONENT MIXTURES

General equations for diffusion in multicomponent mixtures are pre-
sented in reference 10 (pp. 516-520). If extermal forces s Pressure
gradients, and thermal diffusion are neglected, equations (8.1-3) of
reference 10 become:

E nzni (va‘vi)"— ) i=2,2... v-1 (p1)

J=1

vhere n; and ny are concentrations of specles 41 and ] in mole-

cules per cubic centimeter; n 1s the total number of molecules per
cubic centimeter; VJ and V; are diffusion velocities, in centimeters

per second; Di.j is the binary diffusion coefficlent; and r 1is dis-

tance in centimeters. In a V camponent mixture, only Vv - 1 of these
equations are lndependent.

The diffusion wvelocity '17'1 or VJ is related to the flux of mole-
cules Gy or Gy (moles/(sq cm)(sec)) through & unit area normal to the
direction of diffusion. Assume the gases cbey the ideal gas law; then

7. = 51 BT

J x5 P
where xj = nj/n is the mole fraction of camponent J. A similar equa-
tion relates Vi and Gi.

Equations (D1) became

xiZJ— Giz -z—i 1m1,2, oo oy v=1 (D2

J=1

where By, =Dy JP/RT. If, as an approximation, it is assumed that the
binary diffuasion coefficients of camponent 1 into each of the other
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camponents of the mixture are equal, then Bi a ﬁiz = .. e=p4y=

s o e =B1v531, and
) .
- dxs
"i&‘*a i
|

or
v=1l
ax;
X D Gy - Gy = By g - X6
=1 P . .

-Ci ii_:l,z,..o, V"'l (Ds)

vhere G, 1s the flow of the component for which no equation has been
written. :

It 18 convenient to solve these equations (by means of determinants)
for Gy as a function of all the X4 gnd - CJ:

v=-1
dxy X1 W x4 Xy
il Lo tr-maliwl S g R
Jm=l
- - .D_"".E_P.!-..l.ﬁvz—lﬂﬂ .?.1(}' 1w 1,2 -1
RT dr PaniRTdr P\* v 3Gy e« o oy ¥V

(D4)

These equations are strictly valld only in mixtures where binery difrfu-
slon coefficlents between all the peirs 'of specles are equa.l, that is,
in binary mixtures. '

. SLO¥

I| |Ill:|'T:|

'y,
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When there is an inert gas present in the system, it 1s stagnant
(1ts flow 1s zero). In problems concerning the burning of liquid or
solld fuels in aixn, nitrogen is such a diluent, provided formation of
nitrogen atoms and NO molecules is neglected. In this event it is con-
venient to select G, = Gy, = O. (This is not convenient if the amount

of inert gas is small, because as D, -~ 0,ps/p, *=.) Equation (D4)
then becomes

D
‘Gi'%gi"fll 'ﬁ'%g‘l (05)

In & binary mixture, = P -~ p;, and equation (D5) becames
PN, i

| (v6)
( _ﬁ-. RT dr

P

which is the famliliar equetion for diffusion of one gas through & stag-
pant film. of a second gas (ref. 1l).

Finally, when the concentrations of diffusing gases are small rela-
tive to the amount of inert gas, the second term may be neglected
(p1/p, +0). 1In this event the simplest form of diffusion equatiom

occurs:

6y = ot (o7)

which is the same form as the equation for equimoler cownter diffusion
in a binary mixture.
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APPENDIX E

ESTIMATION OF &; FOR CARBON AND BORON COMBUSTION

The quantitlies 8 are defined by

Dy

% B AT (BE1)

where D4 is the diffusion coefficlent for camponent i into the gas
mixture, and x 1is the thermal conductivity. For the combustion of
carbon and boron in air the properties of the gas mixture exclusive of _
caomponent 1 are approximated by those of nitrogem. From the expres-
sions for diffusion coefflclent and thermal conductivity presented in
reference 10,

(2:2)* ¥*
Dy.yN + My 2y Ay
8 = 2 0,644 2 "2 2 (E2)
1 xNZRT o, ay 2 2, 91(_21%2)* . CpNZ 1
* ON, 2 \Zs® *3

* - (2:2)* g(l:l)*
where A:L-Nz gi-Nz i-Ng .

(2,2)%/(2,2)*
The ratio &y gi-Ng is further approximated as equal to
unity. The quantity A.:'I‘.--Nz is close to l.1 for a Lennard-Jones (6-12)

interaction potential between molecules (ref: 10). The heat capacity of
nitrogen has been taken at 2000° XK (ref. 7) (a reasonable mean tempera-
ture). With these approximations

My
0.337 14+ —2 (E3)

O'i 2 Mi
Pll +———
+O.N2

In order to estimate & values, the molecular diameters for the
atoms and molecules involved must be obtalned.

81-

9L0%
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For carbon cambustion, ¢ velues for N3, Oy, CO, and CO, were taken

from reference 10. For atomic oxygen, the diemeter was estimated assum-
ing the same mean density of matter in the atom as in the molecule, that
is,

= 0.794 © (B4)

3[1
%atam ™ JE_' 9diatomic molecule molecule
(This method probebly underestimates scmewhat the diameters of atoms,
since the electron density of an atom 1s usually lower than that of the
corresponding diatomic molecule.) Diameters chosen and the correspond-
ing & velues at atmospheric pressure are shown In the following table:

Molecule|Diameter,|Diameter|® at 1
z obtained |atmosphere
fram - |(eq. (E3))
Og 3.541 10| 1220
co 3,708 : 1205
COp 3.897 .1037
o} 2.810 |Eq. (B4) .1827

For boron cambustion, dilemeters of N, Og, By, BO, O, B, and B;0z

must be cbtained. (Iiterature values exist only for nitrogen and
ox'ygen.) It wvas found, however, that a plot of the quotient of molecu-
lar diameter (ref. 10) and intermuclear distance (ref. 12) against in-
ternuclear distance for e number of diatamic molecules gave a smooth
correletion. This 1s shown In fligure 7. Fram this correlation and the
known internuclear distances of Ny, Op, By, and BO (ref. 12) molecular
diameters for the diatomic molecules were obtalned. Atamic diameters
for B and O were then calculated from equation (E4). The diameter of
B203 was estimated from the density of crystalline B203, with the mole-

cules assumed to occupy 74 percent of the crystal volume (closest pack-
ing of spheres). Results are shown in the followlng table:

Molecule|Diameter, Diemeter obtained from - 5 at 1 atmos-
phere (eq. (E3))

N2 3.70 0.1192
07 3.52 g. 7 and internuclear 1212
B2 3.82 distances of ref. 12 .1238
BO 3.50 .1273
o] 2.80 .1812
B 3.04 }Eq‘ (E4) .1925
Bo0z 4.50 Density of B0z (crystal) = .0812

1.805, and assumption that
74 percent of volume is
occupled
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TABLE I. - COMPUTED BURNING RATES OF VARIOUS SUBSTANCES

[ Temperature, 300° K; air at 1 atmosphere. ]

Burning rate, Wp Eveporation |ILifetime of
constant, B',|l-micron
moles am cal 8q microns |particle,
(cm) (sec)| (em) (sec) | (cm) (sec) sec %35
gsecC
Iscoctane® [0,86X10-5| 99x10-5 10.5 1.11x106 0.90x10~6
Megnesium® |{3.97 5.7 o444 2.25
Boron :
BCcgge A 1.31 .2 1.98 0492 20.3
8Case B 1.79 4 2.70 0673 14.8
Analytical|1.27 o7 1.92 0477 21.0
Carbon
Numericel [1.05 o7 1.02 «0505 19.8
Anglyticel|l.10 .2 1.07 .053 18.9

8gimplified calculation.

TABLE ITI. - EFFECTS OF AMBIENT TEMPERATURE AND

AMBIENT PARTTAL PRESSURE OF OXYGEN

ON BURNING RATE OF BORON

[Pressure, 1 atmosphere.]

Temper- | Oxygen con- Burning rate,
ature, |centration, moles/{cm)(sec)
percent | ended | Bimplified calcula-
calculation| tion (eq. (4ly))
Case A Case B
300 20.95 12.7x10-6 |13.1X10-6|17.9x10-6
800 20.95 13.2 13.1 19.1
1300 20.95 14.5 13.0 20.4
800 15,00 8.2 11.2 12.1
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Figure 1. - Cross-sectional models of hurning fuel particles.
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Flgure 2. - Pressure-temperature ocurves for burning in air.
Arrows indicste outward direotiom.

49



atm

P,

Partial pressure,

NACA TN 3929

indlicate outward directiom. '

.18
N et
N ] 4 N
AN 1IN
AN |/ AN
P02 ! N
T \ < : \\
N
.10 I
| X ]
| NBe0 Z
o8 l 5\ /
| X
.06 i /A/ \\
Ve \
i \J/
A ﬁ R
.02 /// : N\ /
A B,
%.4 - 16 . 18 20 : 24 26 \-é?po Li50
Temperature; °K
(b) Boron.
Figure 2. -~ Concluded. Pressure-temperature curves for burning in alr. Arrows

9oy



Partlal pressure, D, atm

CE-7 back 4076

.48 | I ] i | 2700
— Extended mumeriocal
) integnation —
——Analytical stapwise
N _ solution
N, — M .
-w Al - . ESW
A T X4
N\ I, -~ NS
NN, A \\
h § A
.52 AN N S aon \S 1800
N | 2 RN >
N TN N &
/: - N\ \Q o
// by \:\ o
[ . \ A\ 1500 E
\\\\ ,A = B B 1 g
Sy
] Ny Y
16 il AN Nt N NV
. A \§~\
%\\‘ \
— \
NN P \\ \ .
.08 ~ P N\
‘\,
0 ‘L-f"'" , 300
1.0 .8 .8 7 «8 5 4 .3 2 1 0
r)/r
{a) Carbon.
Mumre 5. - Flaps stmucture of parvicies burning in air. r, distance from center of partiocle;
Ty, radius of particle.

6268 KL VIVH

s




RACA TH 3929

52
To ‘% ‘eumgureduer
g g § & & 1 £ 8 g
N T
) L~ \\
\ / \Vi A }
o/ N

V.

e

\

(

N

N

N

L\ﬁ

24

&

o
[

o
i

s @
<

e .m. .oh_..ino.un. .ncﬂ.._whsm

b V4
(b) Boren.

1.0

9.0y



4076

WACA TN 39829

18

L 17

Ils

Im

vV

«1é

N

Partis]l prassure of axygen at 1570° X, nim

115

Yigure 4. - Contribukion to bmrning rate for reglons above 1570° K (eq, (185), sppendix B).
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